INTRODUCTION
The complete modeling of gas discharges constitutes a very complex research program, as it must include Maxwell's equations and the macroscopic transport equations (particle balance and motion) for the existing chargedlneutral species, in order to calculate self-consistently the spatial distributions (and, eventually, the temporal evolution) of the electromagnetic fields, the particle densities, and the macroscopic fluxes. Further, when the electron characteristic lengths for the different discharge processes are of the same order of magnitude as the typical dimensions of the discharge container, a space dependent microscopic description of the electron kinetics is recommended.
In recent years there has been an increasing interest devoted to the problem of the spatial description of the electron kinetics in various discharges and/or discharge configurations, which led to the development of various nonequilibrium discharge models and, in many cases, to the introduction of new numerical tools in order to solve the problem in an efficient, accurate way. In general, these models have adopted either a statastical approach, using Particle-in-Cell and/or Monte-Carlo simulations, or a kinetic equation approach, by solving the electron Boltzmann equation (EBE) written under different approximations.
Because the statistical approach is based on first principles, involving no a priori approximations, it can be considered as more rigorous than the kinetic equation approach. However, to produce reliable statistical results, these calculation programs must use a very high number of test particles, which in practical terms leads to very loilg conlputation times. This is why the numerical integration of the EBE is still considered as a valid interesting approach, especially in those situations where we can use approximations well adapted to the description of the physical systems under study.
Two examples of very well-known approximations are the two-term approximation [I, 2, 31, valid when the discharge anisotropies are small, and the dc effective field approximation [l, 2, 41, valid when the discharges are produced by hf applied electric fields of sufficiently high frequencies. These
Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jp4:1997410 particular approximations were adopted by many authors to solve the spatially dependent EBE, using a variety of numerical techniques in order to speed up the calculations [5, 6, 7, 8] . Other authors have solved the EBE by adopting the so-called total energy formulation, in which the total energy (kinetic plus potential) of the electrons replaces the kinetic energy as an independent variable [9, 10, 11, 121.
The contribution of these models was decisive to construct an overall picture of the electron kinetics in inhomogeneous situations. However, the formulations adopted so far to solve this nonlocal kinetic problem still require some improvements in order to achieve a self-consistent description.
The reasons are threefold. First, the nonlocal electron kinetics is strongly dependent on the phenomena occurring at the plasma-sheath boundary, near the discharge wall, where the anisotropies are expected to increase. To gain further physical insight into this problem one has to derive a correct wall boundary condition from theoretical considerations, instead of assuming any arbitrary law at the wall [6, 7, 11, 121 . Second, a self-contained steady-state solution to the EBE must verify the electron particie balance equation. This requirement yields a relationship between the discharge maintaining field and the pressure, termed the discharge characteristic, which has to be simultaneously obtained as an eigenvahe solution to the problem. Such a formulation constitutes the sole correct approach for solving this problem, as it does not resort to experimental (or parametric) discharge characteristics as input data [lo, 111 . Third, a self-consistent solution to this nonlocal problem requires a simultaneous description of the electron and the ion kinetics. In the case of a DC discharge, for example, this can only be achieved through a kinetic-fluid hybrid model, that couples the Boltzmann equation for the electrons with the fluid-type equations for the ions and Poisson's equation for the space-charge field.
The main purpose of this paper is to present a self-contained formulation to numerically solve the spatially inhomogeneous EBE in a plasma positive column [8, 131, including the spatial gradient and the space-charge field terms in the equation for the isotropic component. The problem is solved in cylindrical geometry, with appropriate boundary conditions for the electron velocity distribution function, in particular at the tube wall. The last section of the paper reports the first progresses made on the self-consistent solution to this nonlocal kinetic problem, bbtained by calculating the space-charge field that gives a match between the macroscopic radial flux of electrons and ions.
GENERAL FORMULATION

Radially dependent electron Boltzmann equation
The system under+analysis is a DC positive column of radius R, under the action of a total electric field of the form E(r) = E,(r)e', + E,&, where the radial component E,(r) = -V,+ is the spacecharge field ($ represents the space-charge potential), and the axial one is the applied electric field, assumed uniform.
The distribution of electrons in the discharge can be described by the electron distribution function (EDF) F(r, q, obtained by solving the corresponding Boltzmann equation with the normalization condition F ( r , v3d3v = n,(r), where n,(r) is the electron density.
In the present situation, we consider the existence of a total anisotropJt with an axial component due to the applied field, and a radial component due to the space-charge field and the density gradient. In order to solve the EBE we adopt the two-term approximation [I, 21 , that is, we represent the EDF by the first two terms of its expansion in spherical harmonics around the total anisotropy direction Zanis,tropy, along which we assume F to be cylindrically symmetric, 
Herein, G = GE + G, is the total upjuz in energy space due to the total field and the elastic collisions given by, respectively, In these equations, u = m,v2/2e is the electron energy in eV, where e and me are the electron charge and mass, respectively; M is the atom mass; N is the gas density; T, is the gas temperature; ut(u) = ac(u) + C, ui(u) + u;(u) is the total electron-neutral momentum transfer cross-section; u,(u) is the elastic momentum transfer cross-section; uh(u) is the direct electron excitation cross-section for the i-th state; and u;(u) is the direct electron ionization cross-section (all inelastic collisional processes are assumed to be isotropic). The quantities J ( r , u) and I(r, u) represent electron operators for the collisional processes here considered, i.e., ground state excitations and ionization, taking into account the production of secondary electrons.
Substituting Eqs. (4a)-(4b) and (5a)-(5b) into Eq. (3) yields a second-order partial differential equation for f(r, u), in the energy and configuration spaces; this equation is to be solved subject to appropriate boundary conditions.
Boundary conditions
The solution of Eq. (3) requires the knowledge of two boundary conditions in energy space and two boundary conditions in configuration space.
In energy space we impose [2] JOURNAL DE PHYSIQUE IV corresponding to the total upflux conservation, whereas in configuration space, at r = 0, symmetry considerations lead to
In order to deduce a meaningful physical boundary condition at r = R, we first obtain the net (microscopic) radial flux of electrons with velocity between v and v + dv, ^fi.(r, v), by integrating the product F(r, i?) vT over a11 angles in velocity space
In Eq. (8), at r = R, it is convenient to separate the integration over the polar angle in its forward and backward hemispheres, yielding
L where y,+(R, v) [.y,-(R,v)] is the forward (backward) microscopic radial electron flux at r = R, that is, the total number of electrons, with velocity between v and v + dv, reaching (reflected by) the wall per unit area and unit time.
For the case of a perfectly absorbing wall, the boundary condition at r = R can be expressed by which corresponds, after calculations, to where we have assumed that the EDF can be well represented by the two-term expansion in spherical harmonics (lb), and we have used the usual energy renormalization (cf. Sec. 2.1). Equation (11) can be obtained from the general wall boundary condition deduced in [13] , in the particular case of an infinitely thin boundary layer and, for consistency, a potential drop Ad = 0.
Note that the wall boundary condition given by Eq. (11) implies that f,'(R, u) > 0, which means that the radial anisotropy always points toward the wall at r = R. Further note that, as shown in [8], the wall boundary condition (11) reproduces well the results obtained from other theories, in some limiting cases. Equation (11) was directly obtained from transport considerations, which constitutes the correct procedure to derive a wall boundary condition, without resorting to any arbitrary law for the EDF or the electron density at r = R 16, 7, 11, 121. In any case, numerical tests show that, for a given ET(r), the solution to the EBE is not too sensitive to modifications in the wall boundary condition. The EDF's so obtained only differ near r = R. In spite of this, the expression of the wall boundary condition does play a major role in the self-consistent resolution of this kinetic problem, as it directly defines the radial electron flux at r = R, which is to be equated to the corresponding radial ion flux in order to yield the correct space-charge field.
INTEGRATION OF THE EBE. MACROSCOPIC EQUATIONS
Electron particle balance equation
The electron particle balance equation is obtained by integrating Eq. 
NONLOCAL ELECTRON KINETICS. SOLUTION TO THE EBE
Input parameters and numerical resolutior~
The sil~iulations presented in this work were made for helium, adopting the set of electron crosssections derived in [14, 151 . In this section, dedicated only to the study of the nonlocal electron kinetics, a given radial profile for the space-charge field is assumed. Figure 1 represents The numerical method employed to solve Eq. (3) [after substitution of Eqs. (4a)-(5b)], with the boundary conditions (6) , (7) , and (ll), is based on its conversion into a set of NT-coupled algebraic equations by second-order, fixed-step finite differencing in the energy and configuration spaces.
The resulting matrix system is solved using a multzgrid method [16] , whose algorithm exactly includes all boundary conditions and allows for the calculation of an eigenvalue. The system convergence test is applied to the solution f (r, u) and to the electron macroscopic equations (particle and power balance equations), checking for relative errors less than and 10-lo, respectively. However, an exception to this occurs for an intermediate kinetic energy range, where f: becomes negative. This behaviour is observed in a region beyond an energy around the in el as ti^ thresholds, and it can be explained by the strong depletion of the electron energy distribution in that region [8] .
As we can see from Fig. 2(b) , the radial anisotropy always points toward the wall at r = R due to the strong electron drain occurring in this region, as a direct consequence of the wall boundary condition deduced here (cf. Sec. 2.2). The radial electron density distribution, n,(r)/n,,, is represented in Fig. 3(a) . For comparison, we have also plotted on this figure the density distributions assuming Boltzmann equilibrium in the --space-charge potential, n,(r)/n,, = exp(+(r)/T,) (T, is the radially averaged electron temperature, with T, E (2/3)(u)), and the typical Bessel distribution with n,(R) = 0.
The electron ionization rate coefficient, v I / N , the electron characteristic energy, u k , and the mean po%er,absorbed from the applied field per electron at unit gas density, BIN, are shown in Figs We note that the values calculated using the spatially dependent EDF are quite different from those corresponding to the homogeneous situation, although the electron density distribution closely follows the typical Bessel profile. This is a clear indication of a nonlocal behaviour, which is associated to the impossibility of performing a separation of variables in the energy and configuration spaces. the discharge, Otr,p/O, in elastic collisions Pd/O, in excitations, P,,,/O, and in ionizations, Em/@. As expected, the main electron power loss channel is associated.with excitations, throughout most of the discharge cross-section, but the losses due to the radial transport become dominant near the wall.
The two components of can be unfolded into the power lost by the electrons in flowing against the space-charge field, PE,, and that due to the radial flux in configuration space, Pconv. Further, note that the percentages are now calculated relative to the net power gain, O -PC, , because the quantity PC,,, can represent either a loss or a gain of power. As seen from Fig. 5 , the term -PC, becomes positive close to the wall, which means that the divergence of the power flow due to convection is negative. Physically, this corresponds to a gain of power in this region due to heat convection. Such a gain is necessary to overcome the increased losses associated with the rapid variation in the space-charge field near the wall (note that PE, 2 IPconvI near the wall).
PROGRESS REPORT ON SELF-CONSISTENT CALCULATIONS
The self-consistent modeling of a DC discharge requires the simultaneous description of the electron and the ion kinetics. This can only be achieved through a kinetic-fluid hybrid model, that couples the EBE (3)-(5b), the ion particle balance equation e T . fT,(r) = vl(r)ne(r) ,
the ion transport equation [17] (written in the case of small discharge anisotropies) and Poisson's equation
.
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In these equations, ni(r) is the ion density; ud,(r) is the ion radial velocity; Fr,(r) G n,(r)vd,(r) is the ion radial flux; T;(r) and m, are the ion temperature and mass, respectively; and v , is the ion-neutral momentum transfer collision frequency.
Note that the particle balance equations for the electrolls (12) and the ions (16) can be solved together, yielding the charged particle radial flux conservation The complete resolution of this system of equations constitutes a very complex task, to be acconiplished in future works. In the present paper, we will start to tackle this problem, by introducing the following hypothesis for simplification purposes:
the quasi-neutrality [that replaces Poisson's equation (18)]: the field drift approximation (that simplifies the ion transport equation (17), by assuming that the radial motion of the ions is exclusively due to a drift under the action of the space-charge field):
mivc, where pi represents the ion mobility. Equation (20b) can now be worked, subject to the conditions (19) and (20a), to give an expression for the self-consistent space-charge field From the results presented in Sec. 4.2, obtained with the space-charge field given by equation (15) , and by adopting a reduced ion mobility of p,N 2 x lo2' cm-l V-l s-l, it is possible to calculate the charged particle radial fluxes, by using Eqs. (13) and (20b). The result is that I',,(r)/I',,(r) E 100 across the discharge radius, which clearly reveals that the condition for the charged particle flux conservation is not verified in our calculations.
In order to start correcting this lack of consistency we have solved the EBE (3)-(5b) coupled with Eq. (21)) allowing for the self-consistent calculation of the space-charged field in order to obtain a match between the radial flux of electrons and ions. This was done after appropriate modifications in the numerical algorithm presented in Sec. 4.1, which was carefully redesigned in order to meet the requirements introduced by the very strong nonlinear features of the problem. Work is still in progress in order to achieve a completely converged solution to the system, and so we will present here only intermediate calculation results. Figure 6 shows the modification in the space-charge field profile, after 5 iterations over the flux conservation condition. On this figure, and for the purposes of comparison, we have also plotted the value for the E, field. Note that the space-charge field has roughly increase one order of magnitude, which makes that it now overpasses the applied field at r / R E 0.6.
From the solution to the EBE, obtained with the new space-charge field profile, we have calculate the radial velocities for electrons and ions (represented in Fig. 7(a) as a function of r/R), and the electron density radial distribution [represented in Fig. 7(b) ]. On these figures, and for the purposes of comparison, we have also plotted the radial distribution of these quantities' obtained with the initial profile of the space-charge field. An observation of these figures reveals that the ratio (34-154 JOURNAL DE PHYSIQUE IV I',,(r)/r,,(r) has already been reduced by a factor 10, after 5 iterations over the flux conservatiofi condition. Furthermore, the radial distribution n,(r)/n,, was upwardly deviated from the Bessel profile initially obtained, as a direct consequence of the E,(r) increase and the r,,(r) decrease. A final important consequence of this self-consistent procedure is the fact tliat the NR value was reduced to 1.6 x loT6 cm-', after 5 iterations over the flux conservation condition. This modification, of about one order of magnitude in the eigenvalue solution, clearly shows the influence of the space-charge field on the results and justifies the need for a complete resolution of this problem. This should include a simultaneous calculation of the discharge characteristic, E,/N vs. NR, and the radial field, E,(r), instead of using experimental (or parametric) values for some of these quantities, as input data [Ill.
FINAL REMARKS
We developed a self-contained formulatzon to solve the steady-state spatially inhomogeneous EBE taking into account the spatial gradient and the space-charge field terms. The present formulation is self-contained in the sense that the relationship between the applied maintaining field and the gas density, termed the discharge characteristic, is obtained as an eigenvalue solution to the problem. We also reported the first progresses made on the self-consistent solution to this nonlocal kinetic problem, obtained by calculating the space-charge field that gives a match between the macroscopic radial flux of electrons and ions. The complete resolution of this problem can only be achieved through a kinetic-fluid hybrid model, by coupling the Boltzmann equation for the electrons with the fluid-type equations for the ions and Poisson's equation for the space-charge field. Work is in progress in this direction.
